Abstract: The Spearman's rho is a measure of the strength of the association between two variables. There are some extensions of this coefficient for the multivariate case. Measures of the multivariate association which are the generalisation of the bivariate Spearman's rho are considered in the literature. These measures are based on copula functions. This article presents a proposal of the testing for the multivariate Spearman's rank correlation coefficient. The proposed test is based on the permutation method. The test statistic used in the permutation test is based on the empirical copula function. The properties of the proposed method have been described using computer simulations.
Introduction and basic notations
The Spearman's rho ρ S is a well-known measure for the strength of the association between two random variables X and Y. Let us consider n objects ranked from 1 to n. Let R x and R y be the ranks of the variables X and Y. In this case, R x and R y are the permutations of the same set containing the numbers 1, 2, …, n. The Spearman rank correlation coefficient for the sample of size n has the form (Wywiał, 2004: 197) : 
where R S is the Spearman correlation coefficient based on the sample and n > 10 (see Sheskin, 2004) . Under the null hypothesis, the test statistic (2) has t distribution with n -2 degree of freedom (Zar, 1972: 578-579) . Wywiał (2004: 197) pointed that for the sample of size n → ∞ under the null hypothesis the distribution of the test statistic 1 s z R n = -
could be approximated by the standard normal distribution. The above presented Spearman's rho measures the strength of the association only for two variables. There are some extensions of this measure to the d-dimensional (d > 2) cases. The multivariate Spearman's rho extensions were considered by Joe (1990) and Schmid and Schmidt (2006) . Bedő and Ong (2015) used this measure for aggregating ranks. Multivariate extensions of Spearman's rho are based on copula functions.
On the measuring of multivariate dependences
One of the statistical methods used to measure multivariate dependences are copulas. Copulas are very useful tools for describing and understanding the dependence between two or more random variables. A copula is a function which joins a multivariate function to its marginal distribution functions. It is a multivariate distribution function defined on the unit cube [0, 1] d , with a uniformly distributed marginal. Formally, the definition of copulas could be written as follows (Nelsen, 1999: 8-9) :
d for which at least one coordinate is equal to 0 2. C(u) = u k if all coordinates of u are 1 except the k-th one 3. C is d-increasing in the sense that for every
are the marginal distributions and C X , C Y are the respective d copulas. Then the concordance function (see Bedő, Ong, 2015: 2) is given by
There are methods of multivariate extensions for the Spearman's rho coefficient. Some of them are derived from multivariate dependence concepts (Nelsen, 1996: 223) . The three following multivariate (d ≥ 2) versions of Spearman's rho were analysed by Schmid and Schmidt (2006: 760) 
The measures ρ 1 , ρ 2 and ρ 3 are multivariate extensions of two-dimensional Spearman's rho, because for d = 2 there is (Schmid, Schmidt, 2006: 761) 
, the values of ρ 1 , ρ 2 and ρ 3 are different in general.
Empirical copula
Let us consider a random sample X j = (X 1j , X 2j , …, X dj ) ( j = 1, 2, …, n) from a d-dimensional random vector X with the joint distribution function F and the copula C which are unknown. The distribution function F could be estimated as follows:
The copula function C could be estimated by (Schmid, Schmidt, 2006) :
Empirical copulas will be used to estimate the multivariate (d > 2) Spearman's rho correlation coefficient.
This vector is the permutation of the numbers 1, 2, …, n. The normalised ranks (Bedő, Ong, 2015) are calculated as follows:
Using the empirical copula (Schmid, Schmidt, 2007) expression in the Spearman's formula, we obtain an empirical expression of multivariate Spearman's correlation coefficient (Bedő, Ong, 2015: 2; Schmid, Schmidt, 2007: 410) 
The formulas for ρ 1 , ρ 2 and ρ 3 are different in general. In this paper, formula (4) is considered as well as the estimator given by (7). This formula will be used for testing the significance of the multivariate Spearman's rho.
The properties of two-and multivariate Spearman's rho
The Spearman's rho is a nonparametric measure of rank correlation. It assesses how well the relationship between two variables can be described using a monotonic function. This coefficient takes values from -1 to 1. The Spearman's coefficient is equal to 1 if the rankings are identical, for example:
Ranking 1: 1, 2, …, n. Ranking 2: 1, 2, …, n. This coefficient is equal to -1 if they are in reverse order, for example: Ranking 1: 1, 2, …, n. Ranking 2: n, n -1, …, 1. Typical histograms for R s for samples of the size n = 5, n = 10 and n = 20 for independent rankings (ρ s = 0) are presented in Figure 1 . The values of the potential variants of Spearman's ρ S are presented in Table 1 . Table 2 . The empirical distributions of the multivariate Spearman's coefficient ρ 1 for d = 3 are presented in Figure 3 and for d = 4 in Figure 4 . The value of Spearman's rank correlation coefficient varies between -1 and 1. The maximum, minimum and estimated values of quantiles of the multivariate Spearman's ρ 1 are presented in Table 3 (n = 5) and Table 4 (n = 10). These values were obtained in series of computer simulations. In each case, there were generated 1000 times d (d = 2, 3, …, 10) independent rankings and the value of the multivariate Spearman's coefficient ρ 1 was calculated using formula (7). The examples of the complete agreement in the rankings for 4-dimension and the highest discrepancy for the sample of the size n = 5 are presented in Figure 6 and The area of variations of the d-dimensional (d = 2, 3, …, 10) Spearman's r 1 for the sample sizes of n = 5 and n = 10 is presented in Figure 8 . The distribution of the multivariate Spearman's r 1 for the dimension greater than 2 is not symmetric. Due to the asymmetry of the distribution, the critical region for the H 0 should be asymmetric. To test the significance of the multivariate Spearman coefficient, the permutation test will be proposed. Zar (2010: 773) presented tables of critical values of the Spearman's ranked correlation coefficient. These tables could be used only for the two-dimensional version of Spearman's rank coefficient. For the case where d > 2, the permutation test could be used.
Testing multivariate dependences
Permutation tests were introduced by R.A. Fisher and E.J.G. Pitman in 1930s (Berry, Johnston, Mielke, 2014: 20) . Lehmann (2009: 439) shows that permutation tests are generally asymptotically as good as the best parametric ones. The concept of permutation tests is simpler than that of tests based on normal distribution. Efron and Tibshirani (1993: 202) point out that the main application of these tests is a two-sample problem. In permutation tests, the observed value of the test statistic (T 0 ) is compared with the empirical distribution of this statistic under the null hypothesis. The following steps are taken in dealing with permutation tests (Good, 2005: 8; Kończak; 2016: 29) : 1. Assume the significance level a. 2. Identify the null hypothesis and the alternative hypothesis. 3. Choose a form of the test statistic T. 4. Calculate the value T 0 of the test statistic for the sample data. 5. Determine by a series of permutations the frequency distribution of the test statistic under the null hypothesis (T 1 , T 2 , …, T N , where N ≥ 1000). 6. Make a decision using this empirical distribution as a guide.
The ASL (Achieved Significance Level) has the following form:
The ASL is unknown and could be estimated by the following formula:
This notation applies where the H 0 rejection area is right-sided. In the case of the left-sided rejection area in the above notation, inequality should be changed. If the value of ASL is lower than the assumed level of significance a, then H 0 should be rejected.
The significance of the described multivariate Spearman's rank coefficient will be tested. The sample multivariate Spearman's rank coefficient given by (7) as a test statistic will be used in Monte Carlo study. The empirical distribution of this coefficient will be obtained in the procedure of permutation testing. The null hypothesis will be rejected for ASL < a.
The test procedure -Monte Carlo study
Let us consider the null hypothesis that all rankings are independent. This hypothesis could be written as follows: 
S r >
There were considered hypotheses for three-, four-and five-dimensional rankings. Two following variants were considered: 1) H 0 is true -there is no correlation between vectors R 1 , R 2 , …, R d .
2) H 0 is false -two rankings are identical, and the others were no correlated.
The probabilities of rejection of H 0 were estimated by a sequence of 1000 computer simulations of permutation tests. In each permutation test, there were 1000 permutations considered. In all the simulations, the significance level a = 0.05 was assumed. The estimated probabilities of rejection of H 0 are presented in Table 5 (H 0 true -the size of the test) and in Table 6 (H 0 false). The size of the test is close to the assumed significance level a = 0.05 (see Table 5 ). For the greater size of the sample in the case of false H 0, there is a greater probability of H 0 rejection. For the smaller dimension d in the case of false H 0 , there is a greater probability of H 0 rejection (see Table 6 ).
Conclusions
This article presents a proposal of the testing for multivariate extensions of Spearman's rho. There are some variants of such extensions. In the paper, one of them given by formula (4) was considered. The properties of these multivariate measures were described. These multivariate Spearman's correlations could be used for measuring the rankings agreement. The test for the significance of the multivariate Spearman's rho was proposed. The proposed testing procedure is based on the permutation method.
